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Closed-Form Expressions for the Current
Distributions on Open Microstrip Lines

Masanori Kobayashi, Member, IEEE, and Hideaki Sekine

Abstract —An open microstrip line with isotropic dielectric

substrate is numerically analyzed by the spectral-domain method
to clarify current distributions on a strip conductor. The current
distributions obtained are illustrated in figures for typical cases.
A full view of current distributions on a strip conductor in any
microstrip line is provided by showing those closed-form expres-

sions.

1. INTRODUCTION

T HE spectral-domain analysis proposed by Itoh and

Mittra [1] is very powerful in calculating numerically

the dispersion characteristics of microstrip lines. It is well

known that the effective relative permittivities can be

obtained with a high degree of accuracy by the spectral-

domain analysis (see [2]–[61 and references therein). Even

a small number of basis functions for the expression of

current distributions give accurate results for effective

relative permittivities, ●.ff (~). However, to accurately ob-

tain the current distributions requires a large number of

basis functions and thus more CPU time. Therefore, the

literature on the determination of these distributions is

sparse.

Recently, Shih et al. [3] revealed the frequency depen-

dence of the current distributions on the microstrip lines.

This was the first time that those characteristics were

reasonably obtained for wide ranges of frequency. Subse-

quently, the frequency-dependent characteristics of the

current distributions were published by Fach& and

De Zutter [4], Kobayashi and Iijima [5], and Uchida et al.

[6].

However, there is no published work to clarify system-

atically the characteristics of current distributions for

various cases of substrate relative permittivity, ●, shape

ratio, w/h, and normalized frequency h/ A..

The present article seeks to clarify these characteristics

and proposes closed-form expressions. The results ob-

tained are meaningful from both practical and educa-

tional points of view since the current distributions are
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Fig. 1. Open microstrip line with isotropic dielectric substrate.

fundamental quantities as sources for electromagnetic

fields in microstrip lines.

II. METHOD OF CALCULATION

The open microstirp line under consideration is shown

in Fig. 1. It is assumed to be uniform and infinite in both

the x and the z direction. The infinitesimally thin strip

and the ground plane are taken as perfect conductors, It

is also assumed that the substrate material is lossless and

that its relative permittivity and permeability are e and p

( = 1), respectively.

The present article uses Chebyshev polynomials of the

first and second kinds, T’(x) and U.(x), as basis functions

for the expression of current components and takes the

following functions for IX.(X) and lz~(x):

lxn(.x) = u2n(2x/w) (la)

~zn(~) = ~2(n.l)(WW&(2x/w)2 (Ilb)

on the strip (1x I < w/2) and zero for Ix I > w/2. ILet

~ourier-transformed functions of these be express~d by

lXJcr) and ~ZJa), respectively (see [5]). Using the}e lX,(a)

and ~,.(a), expanding the current components lX(a) and

~(a) as

i’(a) = 5 %fxn(a) (2a)
fi=l

i=(a) = 3 dn~n(cr) (2b)
~=1
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and using the method given in [1], following the correc-

tions shown in [2], we can obtain the following sitnultane-

ous equations:

f K,nn(l,l)cn+ : Knm(l>z)dn=o
~=1 ~=1

~=~,z,... ,N (3a)

m=l,z,... ,M (3b)

where Knz.(i, j ) are Fourier integrations and are given in

[11.

The phase constant ~ can be solved by setting the

determinant of the simultaneous equations (3) equal to

zero and seeking the root of the resulting equation.

The numerical calculations of the integrations of

K~~(i, j) are actually performed from zero to an upper

limit ati with respect to an integral variable a owing to

limits on computation time. We take u,,== 7 x 103/w in

the present article except for the particular cases of

smaller EFX shown below in (11), for e~ample a. = 3 x

10</w for the case of e =8, w/h =0.1, k/AO = 0.05,

and M = N = 3. The present article took M = N = 3 for
ll/Ao G0.2, M= N=4for0.2< h/AO<0.4, and M=N

= 5 to 9 for h /AO >0.4 to accurately obtain the current

distributions.

First of alJ, the present article seeks the root ~ei~(~ ) of

the resulting equation which is obtained by setting the

determinant of the simultaneous equations (3) for the

case of M = N = 3 equal to zero.

Secondly, substituting the vaiue obtained for e,ff(~ )

into the simultaneous equations (3) for the case of larger

M and N, we get the resulting simultaneous equations (3)

for unknown coefficients c. (n = 1,2, ~“ “, M ) and d.

(n=l,2, ”’” , N). Solving these equations, we can deter-

mine unknown coefficients c./ c1 (n = 2,3,. “ ., M) and

d~/c1tn=l,2, ”””, N) normalized to c1 for obtaining the

current distributions. This procedure reduces CPU time

in obtaining the current distributions.

HI. NUMERICAL RESULTS

Shih et al. [31 showed the shape-ratio-dependent char-
acteristics of the normalized longitudinal current distribu-

tions for six cases of w/h ( = ().1, 0.4, 1.043, 2. 4, 10?

when e = 11.7, and h /AO = 0.01. Fig. 2 shows the shape-

ratio-dependent characteristics of the normalized longitu-

dinal and transverse current distributions (e= 8, h /AO =

0.4, w/h = 0.1,0.4, 1,2) obtained in the present article by

solid lines. The dotted lines show the results by the

approximate formulas (4) and (8). The results shown by

Shih et al. [3] were for the cases of lower frequency,

h \AO = 0.01; the results shown in Fig. 2 me for the cases
of higher frequency, h \Ao = 0.4.

i!
-n

Fig, 2. Shape-ratio-dependent characteristics of normalized longitudi-

nal and transverse current ciistrlbutions (e = 8, h /AO = 0.-$). h /A” =

h(mm)~(GHz)/299 .7925. — theoretical results; “‘’” approximate

formulas (4) and (8).
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Fig, 3. Frequency-dependent characteristics of normalized longitudi-

nal and transverse current distributions (e = S. w/If = 2).

Fig. 3 shows the frequency-dependent characteristics of

the normalized longitudinal and transverse current distri-

butions for the case where e = 8 and w/h = 2. Compar-

ing those results with the results for w / h = 1 shown in

[5], it is seen that the form of the curve for w/h= 2

changes more rapidly as a function of frequency than that

for w/h=l.

Fig. 4 shows the relative-permittivity-dependent charac-

teristics of the normalized longitudinal and transverse

current distributions for the case where w/h = 1 and

h /AO = 0.2. Shih et a~. [3] also showed the relative-per-

mittivity-depimdent characteristics for lower frequency,

h /AO = 0.00424, so that the curves were barely distin-
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Fig. 4. Relative-permittivity-dependent characteristics of normalized

longitudinal and transverse current distributions (w/h =1, h /AO = 0.2).
— theoretical results; . . . . . approximate formulas (4) and (8).

guishable for different relative permittivities. However, it

is seen in Fig. 4 that the characteristics of the current

distributions depend to a marked extent on the relative

permittivity of the substrate at higher frequency.

The present article analyzed numerically and systemati-

cally the various cases of e = 2, 4, 8, 16, 0.1< w/h <10,

and O < h \AO <1 and provides a complete view of cur-

rent distributions on open microstrip line with isotropic

dielectric substrate, as shown in following sections. This

can be performed by paying particular attention to the

upper limit aU with respect to the integral variable a in

Fourier integrations and to the numbers M and N of the

basis functions for current distributions, as mentioned

above.

IV. CLOSED-FORM EXPRESSION FOR LONGITUDINAL

CURRENT DISTRIBUTION

One of the present authors previously proposed a

closed-form expression for the frequency-dependent char-

acteristics of the longitudinal current distribution for the

case where ~ = 8 and w/h = 1 [7]. Good agreement was

found between the closed-form expression and the theo-

retical results [7]. The present authors could modify the

expression for the cases of various ~, w/h, and h \A ~ by

taking a best fit to theoretical results obtained in the

present paper.

We propose the closed-form expression for the normal-

ized longitudinal current distribution as follows:

(2x\2

I=(x) (J
1–A —

w

1=(0) =

m

2.

1– ~
w

(4)
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Fig. 5. ,4-dependent characteristicsof normalized longitudinal curlent
distributions by the present formula, (4).

where

‘=’-{’+(x)’”’i(l+(“)
b = 1.09–0.22510g10 (h/AO) (>1) (6)

EFZ = (e/8) 0”’’(w/h)0’85(h /Ao). (7)

The major magnitude of parameter A is determined by

the shape ratio w/h. The relative permittivity depen-

dence of parameter A becomes extremly small at lower

frequency. This explains why the curves could be distin-

guished from one another only with difficulty for different

relative permittivities in the study by Shih et al. [3].

It is meaningful from practical and educational points

of view to illustrate and explain the parameter-A-depen-

dent characteristics of the normalized longitudinal cur-

rent distributions for various values of A in one figure.

The A-dependent characteristics are computed by the

present formula (4) and are illustrated in Fig. 5.

The distribution curve begins to have a part below the
horizontal line of Z:(x)/I=(0) = 1 (shown by the dashed

line in Fig. 5) for parameter A higher than 0.5 when

w / h <2.4. For w/h >2.4, the distribution curve has a

part below the horizontal line for EFZ >0 and that is for

h/A. >0. The distribution curve approaches the curve of
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JI-(2.x,w)2shown by the clot-dash line, except the ~ ~.
edge point, when parameter A ~ cc and has the singular-

ity l/jl – (2.x \w)2, at any parameter A, at the edge of

the strip.

The usefulness of the present closed-form expression is 2
confirmed by good agreement between the theoretical

results (solid lines) and the results obtained with the

present formula (4) (dotted lines) in Figs. 2 and 4.
2x

=%0.5
V. CLOSED-FORM EXPRESSION FOR TRANSVERSE

CURRENT DISTRIBUTION

The present authors could not approximate the normal-

ized transverse current distributions for various cases of

.s, w/h, and h/A. in simple form. This is mainly because

large numbers of basis functions are needed to accurately

express the transverse current distributions. However, we

developed the closed-form expression for those distribu-
r

1 I 1 I I i I I
--

tions, although not in simple form. o fJ.5

We propose a closed-form expression for the normal-
2 x/w

ized transverse current distribution as follows:

IX(X)
— = C1U2(X) + c21?74(x) + C3U6(X)
I x mm

+ c4U8(X) + C5U10(X) (8)

where

~=1–

C1‘+(EFi’”04)g“a)
1

~=1–
c1

(

EFX– O.147 g

)

(’b)

1+
1.65

1
~=1–
c1

(

EFX – 0.304 g

)

(’c)

1+
3.57

1
~=1–
c1

(

EFX– 0.44 g

)

(’d)

1+
8.11

g = 1.09 – 0.22510g10 EFX (>1) ( 10)

Fig. 6. EFX-dependent characteristics of normalized transverse cur-

rent distributions by the present formula, (8).

the theoretical results (solid lines) and the results ob-

tained by the present formula (8) (dotted lines) in Fig. 2

and Fig. 4.

VI. CONCLUSIONS

Current distributions have been computed for open

microstrip lines with isotropic dielectric by spectral-

domain analysis. A complete view of those distributions

has been provided by proposing closed-form expressions.

These expressions for the current distribution have been

compared with the theoretical results, and good agree-

ment has been seen.
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